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Abstract. It gives a class of p-Borel principal ideals of a polynomial algebra over 
a field K for which the graded Betti numbers do not depend on the characteristic 
of K and the Koszul homology modules have monomial cyclic basis. Also it shows 
that all principal p-Borel ideals have binomial cycle basis on Koszul homology 
modules. 

Introduction 

Let K be an infinite field, S = K[x\, . . . ,x n ], n > 2 the polynomial ring over a 
field K and I C S a graded ideal. Consider the reverse lexicographical order on the 
monomials of S. Let M be a graded S'-module and (3ij(M) = the graded Betti 
numbers of M. The Castelnuovo-Mumford regularity of M is reg(M) = max{j — % : 
Pij(M) 7^ 0}. By a theorem of Bayer and Stillman jH] we have reg(Gin(/)) = reg(J). 
If char K = then Gin(7) is strongly stable, that is, it is monomial and for each 
monomial u of Gin(J) and 1 < j < i < n such that Xi\u it follows Xj(u/xi) G Gin(J). 
Then reg(Gin(J) is the highest degree of minimal generators of Gin(7) by Eliahou 
and Kervaire 0. If char K = p > then Borel fixed ideals are just the so called 
p-Borel ideals and they are not necessarily strongly stable and it is hard to give 
a formula for the regularity of these ideals. Let I be a monomial ideal of S, u a 
monomial of / and Ui(u) be the highest power of xi dividing u. Let a,b be two 
integers and a = Sj> ajp l , b = Sj> 6jp* be the p-adic expansion of a, respectively b. 
We say that a < p b if Oj < bi for all i. It is well known that a monomial ideal I is 
p-Borel if for any monomial u G / and 1 < j • < i < n and a positive integer t such 
that t < p Vi{u) it holds Xj(u/xf) G I. This is a pure combinatorial description of 
the p-Borel ideals which can be given independently of the characteristic of K. Let 
u be a monomial of S and J = (u) the smallest monomial ideal containing u. J is 
called principal p-Borel ideal. For such ideals there exists a complicated formula for 
regularity in terms of u conjectured by Pardue [12] and proved in two papers [2], 
[TU] (another proof is given in ). 

In general it is hard to bound the regularity of a graded ideal /. If char K = and 
d(I) is the highest degree of a minimal monomial generator of I then D. Bayer and 
D. Mumford jl] showed that reg(J) < (2d(I)) 2 " . Caviglia and Sbarra [7j showed 
that the same bound holds for all characteristic of K. This bound seems to be sharp 
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since Mayr and Meyer [12] gave an example with d(I) = 4 and reg(J) > 2 2 ™ 1 + 1. 
Thus in general a bound for the regularity is very high, but what about if we restrict 
to some classes of ideals? In [El it is showed that d(I) < reg(J) < nd(I) if J is a p- 
Borel ideal. The proof uses the formula conjectured by Pardue. The Betti numbers 
and the regularity of a graded ideal / can depend of characteristic of the field K 
even when I is monomial. This is not the case when I is strongly stable as follows 
from Eliahou and Kervaire resolution 9\. Using again the formula conjectured by 
Pardue we get that the regularity of principal p-Borel ideals does not depend on the 
characteristic of K (see |T3|). 

Let Syz t (M) = Kei(F t — > be the t-th syzygy module of M. The module M 
is called (r, t) -regular if Syzt(M) is (r + t)-regular in the sense that all generators of 
Fj for t < j < s have degrees < j + r. The t-regularity of M, that is, the regularity 
of Syzt(M) is given by 

(t — reg)(M) = min{r : M is (r, t) — regular}. 

Obviously, we have (t — reg)(M) < ((t— 1) — reg)(M). If the inequality is strict and 
r — (t — reg)(M), then (t, r) is called a corner of M and /3 t ,r+t(M) is an extremal 
Betti number of M |3j. As the regularity of principal p-Borel ideals is completely 
determined by their extremal Betti numbers it is natural to ask if these numbers 
depend on the characteristic of K. They do not depend indeed in a more general 
frame explained bellow. 

Bayer and Stillman proved that if I is Borel-fixed then it satisfies the following 
property: 

(I:x™) = (I:(x 1 ,...,x j )°°) 

for j — 1, . . . , n. A monomial ideal I G S satisfying the above condition is said to 
be of Borel type ^T]. For a monomial u, let Vi(u) be the highest power of Xi which 
divides u and m{u) = max{i : Vi(u) ^ 0}. For a monomial ideal 1^0, let G(I) be 
the unique set of monomial minimal generators of I and m(J) = max{m(«) : u G 
G(I)}. We define recursively an ascending chain of monomial ideals: 

I = Jo C I x C . . . 

as follows: We let Iq = I and if I e ^ S is already defined then set 7 e +i = (J e : x™) for 
n e = m(J e ), n > ni > . . . > n e > . . .. If I e = S then the chain ends. Let (J e )o<e<g, 
(n e ) be the sequences obtained above, I q ^ and I q+ x = S. Let Si = K[x±, . . . , x ni ], 
Ji — Jj fl and Jf at the saturation of Jj made in Si. 

Theorem 0.1 ([El). Let I C S be a Borel type ideal. Then S/I has at most 
q+ 1-corners among (rij, s(J/ a */Jj)) ; < % < q and the corresponding extremal Betti 
numbers are 

Pm,a{j?«*/Ji)+ni (S/ J) = dim^( J, sa V J^s^t/j^, 

where s(N) = max{i : iV; / 0} for a graded S-module N of finite length. In 
particular the corners of S/ 1 and their corresponding extremal Betti numbers do not 
depend on the characteristic of K. Moreover the regularity of S/I does not depend 
of characteristic of K . 
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Remains to ask what about the general Betti numbers? Bellow we remind you 
a nice case when this is true. The principal p-Borel ideals I C S such that S/I 
is Cohen-Macaulay have the form I = IT^^m^) ^, < otj < p, where = 

[xi , . . . , x^ ) . For these ideals is well known the description of a canonical monomial 
cycle basis of the Koszul homology module S/I) given by Aramova and Herzog 
j2j (see details in 14. ljl . One can easily see from this description that (3ij(S/I) does 
not depend on the characteristic of the field K for all 

Now let / be the p-Borel ideal generated by the monomial for some integer 

7, a > 0, that is 

/ = n^ ((mS)^(m^)^), 
where m n _i = (x\, . . . , x n _i), and 7j,<x,- are defined by the p-adic expansion of 7, 
respectively a. Suppose that <x,- + jj < p for all < j < s. Then Hi(x;S/I) 
has a monomial cycle basis for all i > 2, and j3ij(S/I) does not depend on the 
characteristic of K for all i,j (see 14. 7J) . 

We saw that in some cases of principal p-Borel ideals there exist a monomial cycle 
basis for the homology modules of S/ I. How it is in general? If / C S is a monomial 
ideal then H2(x; S/I) has a monomial cycle basis fsee ll.5j) . Unfortunately, in general 
there are no monomial cycle basis even on the Koszul homology modules of principal 
p-Borel ideals as shows our Example 12.21 However if / is a principal p-Borel ideal 
then H 3 (x; S/I) has a binomial cycle basis (see 13.11)]) . In general our Example 12.71 
shows that there are reduced monomial ideals which have not even a trinomial cycle 
basis. Perhaps in general there exist monomial reduced ideals I in n-variables such 
that there exists non-zero cycles of length n — 2 which are not modulo bounds sum 
of cycles of length < n — 2. 

We express our thanks to J. Herzog especially for some discussions around Theo- 
rem and Lemma f2. 41 

1. Cycles of Koszul homology modules of monomial ideals 

Let S = K[xi, . . . , x n ] be a polynomial algebra over a field K and / C S a 
monomial ideal. A cycle z G K; L {x\ S/I) has the form z = ^ S j = x1jUjt ap jj G K*, Uj 
monomials, <jj C {1, . . . n}, \aj\ = i for all 1 < j < s. Since / is monomial the Koszul 
antiderivation d is multigraded and each cycle is a sum of multigraded cycles. The 
cycle z is multigraded if UjX aj = u\x ai for all 1 < j < s, here x ai = Ylk &ai Xk- We 
denote m(uj) = m&x{i; Xi\uj} and m(<jj) = m(x aj ). Note that in z we may suppose 
(jj 7^ o t for j 7^ t because otherwise it follows Uj = u t (z is multigraded) and so we 
may reduce the sum. The element monomial cycle if d(uje aj ) = 0, that is 

x t Uj G / for all t G <Jy 

We introduce a totally order on the monomial elements ue a of Ki{x\S/I) [u 
monomial) by "ue CT > ve T " if either "u > r i ex u" or "u = v" and "x a > r i ex %t \ here 
rlex denotes the reverse lexicographical order on the monomials of S. As usually we 
denote in(z) = Uie ai if Uie ai > Uje aj for all j > 1. A Oj is called a neighbour in z 

of G\ if I Oj \ G\ j = 1 . 

Lemma 1.1. If ai has no neighbour in z then U\e ai is a monomial cycle. 
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Proof. Since z is a cycle all the terms of d(u\e ai ) should be reduced with terms of 
some d(uje a ,), j > 1. But this is possible only if o\,- is a neighbour of o\. 

Lemma 1.2. Let z = T l j =1 '-fjUje cr . be a multigraded cycle, jj G K* , Uj monomials, 
o-j C {1, . . . n}, = i for all 1 < j < s. Then the following statements hold: 

(1) If in(z) = u\e ai and m(ui) > m(ai) then there exists a multigraded element 
w G Bi(x; S/I) such that in{w) = in(z). 

(2) For every multigraded cycle w there exist a multigraded cycle z of the above 
form in the same multigraded homology class with w such that m(uj) < m(aj) 
for all 1 < j < s. 

(3) If z is in the form given by (2) it follows m(aj) = m(ai) for all 1 < j ' < s. 

Proof. (1) Take a q > m(cri) such that x q \ui and set y = (ui/x q )e aiU { q }. We have 
dy is the sum of (ui/x q )(de ai ) A e^ with + or - u\e ax . Thus inipy) = in(z). 

(2) + (3) Substracting from z such elements w of Bi(x; S/I) we may arrive to the 
case m{uj) < m(<Tj). Since z is multigraded we get then m(o~j) = m(ai). 

Lemma 1.3. Let z = ^ =1 ^jUje aj be a multigraded cycle as in the above Lemma. 
Suppose that m(uj) < m(aj) for all 1 < j ' < s. Then x r Uj G / for all 1 < j ' < s. 

Proof. By Lemma H~2l (3) we get r = m(eri) = m(o-j). The terms x r Uje aj \^ of 
d(uje aj ) cannot be reduced since Oj \ {r} are all different. It follows necessarily 
x r Uj G / since z is a cycle. □ 

Let A4i(x; S/I) be the subspace of Ki(x; S/I) generated by all monomial cycles. 

Lemma 1.4. Let z = Yf^ =x ^jUje r7j be a multigraded 2-cycle, G K* , Uj monomials, 
o-j C {1, • • • ,n}, \o~j\ = i for all 1 < j < s. Suppose that m{uj) < m(aj) for all j, 
s > 1 and in(z) = U\e ai . Then one of the following conditions holds: 

(1) in(z) is a monomial cycle, 

(2) in(z) = Uje aj mod (B 2 (x; S/I) + M.2(x; S/I)) for some 1 < j < s. 

Proof. By Lemma ll.2l (3) and our hypothesis we get r = m(<7i) = m(aj) for all 
1 < j < s. Let o~i = {a,r}. If x a u\ G / then U\e ux is a monomial cycle. Otherwise 
by Lemma fl. II there exists a neighbour Oj = (o"i \ {a}) U {b} for some 1 < b < r. As 
in(z) = Uie ai we have &i > Oj and so a < b. From x a U\ = x^Uj (z is multigraded!) 
it follows Xb\ui. Set y = {ui/x^e^^} G K 3 (x; S/ 1). We have 

dy = -Uxe ai + Uje^ + (x r Ui/x b )e^ b y. 

Using Lemma fl .31 we have x r u t G / for all 1 < t < s. This shows that the last term 
of dy is a monomial cycle, which is enough. □ 

Theorem 1.5. Every 2-cycles of K 2 {x;S/I) belongs to B 2 {x;S/I) + M 2 {x; S/I), 
that is coincides modulo B 2 (x; S/I) with a sum of monomial cycles. In particular, 
H 2 (x; S/I) has a monomial cycle basis. 

Proof. Note that given a 2-cycle z in the form from Lemma 11.21 (2) in(z) can be 
substitute in z modulo B 2 (x; S/I) with one monomial term smaller than in(z) and 
some monomial cycles which can be removed from z (see II .4|) . By recurrence we 
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arrive finally to the case when z has just one term which must be then monomial 
cycle. □ 



2. Some useful examples 

The purpose of this paper is to study when the Koszul homology modules of 
principal p-Borel ideals / have monomial cycle basis. This is the case when / is 
the smallest p-Borel ideal containing a power u of one variable x r (the so called 
p-Borel ideal generated by u), that is / = ILj> (nv')[ pJ l, where m r = (xi, . . . ,x r ) 
and a>j < p are non- negative integers (see J2]). For an ideal J we denote by the 
ideal generated in S by <p(J), ip being the K-automorphism of S given by x — > x p " '. 
An interesting and promising example is the following: 

Example 2.1. Let n = 4, S — K[x%, . . . ,x±] and I the p-Borel ideal generated by 
the monomial {x^x^}, that is / = (x\, X2, xz)(x\, . . . , x^). Then z = x\~ x^x^ e^— 
x r l~ 1 X2X 1 l~ 1 ei34 is a cycle. Take y = x\~ A ~x p ~ ] euu G K^x; S/I). We have dy = z + 
XiX^~ 1 e234 — x I l~ 1 x^ei23. Note that xf -1 ^ G / but x^x 1 ^ 1 G" /. Thus z coincides with 
xfx4 _1 e234 modulo B s (x; S/I). As z and dy are cycles we get x\x p 4 ~ l e23A monomial 
cycle. 

Unfortunately, in general there are not monomial cycle basis even on the Koszul 
homology modules of principal p-Borel ideals as shows the following examples: 

Example 2.2. Let n = 4, that is S = K[xi, . . . ,24] and / the p-Borel ideal generated 
by the monomial {x2X P t }, that is / = (x\,X2)(xi, . . . ,x^). Consider the element 
z = X2X p i ~ 1 x P t ~ 1 eiu — xix p i ~ 1 x P T 1 e234 G K 3 (x; S/I). We see that z is binomial cycle 
but in(z) = X2X P T x^~ 6134 is not a monomial cycle because 1 g I. Note 

that z is multigraded and in its multigraded homology class take another element 
of the form z + dy, y G K±(x; S/I). Since y must be multigraded from the same 
multigraded class with z we see that the only possibility is to take y = x p i ~ 1 x P t ~ 1 ei234. 
It follows that there exist no monomial cycle in the homology class of z. 

Remark 2.3. Let S and I as in Example 12.21 The element 

z = xf" 1 X3X p 4 ~ l em - x{~ 1 X2xl~ 1 e 1 34 + x^xl" e 2 34 G K 3 (x; S/I) 

is a cycle in the form given by Lemma 11.21 (2) but belong to Bs(x;S/I) because 
z = z — x v ~ x x\e\23 = <9(a;f~ 1 a;4 _1 ei234), xf -1 ^ being an element in /. 

Example 12.21 suggests the following: 

Lemma 2.4. Let I be an arbitrary monomial ideal. Then H n _i(x; S/I) has a basis 
given by cycles of length < \n/2\. 

Proof. Suppose y is a multigraded (n — l)-cycle in the form given by Lemma 11.21 
(2). Then there exist 1 < k s < . . . < k\ < n such that y = Ej^jjUje^, jj G K*, 
Uj G" / monomials and <jj = {1, . . . , n} \ {kj}. Suppose that y cannot be written 
as a sum of cycles of length < s. We will show that we may choose a cycle y' 
of length < \n/2\ which coincides with y modulo 5 n _i(x; S/I). This is enough 
because then these cycles will give a system of generators of H n _i(x;S/I) from 
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which we may choose a basis. We claim that 7 r = (— l) fcl fcr 7i for all 1 < r < 
s. Let E = {r : 1 < r < s,^ r = (-l)* 1- ^}. If E + {l,...,s} then the 
element q = T l j eE r yjUje (Tj of K n _i(x; S/I) is different from y. Thus y cannot be a 
cycle because otherwise y = q + (y — q) is a decomposition of y in a sum of two 
cycles of smaller length which is false (1 G E) by our assumption. So one of o\,-, 
j £ E has a neighbour o t in 2 which is not in q, that is t ^ E, Xk t Uj G" / and 
((— l) fc ' _1 7j — (— \) ki ~ 1 ^t)xk t u j e cTj\{k t } = because z is a cycle (actually the above 
equation is written for the case kj > k t , otherwise all the signs changed but the 
equation is not really affected). Thus 7 t = (— l) k i~ kt ^j = (— l) fcl_fe '7 1 , that is t G I 
which is false. Hence E = {1, . . . , s}, that is our claim holds. 

As y is multigraded note that Xk \uk r We have the following cycle 

y' = <9(7i(«i/x fcl )ei...n) - V = 7i£(-l) fc ~ 1 (x fc w 1 /x fcl )e CTfe , 

where o\. = {1, . . . , n}\{k} and the sum is made over all k G {1, ... , n}\{ki, . . . , k s }. 
If y' — then ?/ G B n _i(x; S/I) and there exist nothing to show. If ^ then 
length(y)+length(?/ / ) < n. Thus min{length(?/), length(y / )} < \n/2\. As y = —y' 
mod B n _i(x; S/I) we are done. 

Example 2.5. Let / = (X3X4X5, X1X2X3, X1X3X5) be an ideal in S = 

K[x\, . . . , X5] . We claim that there exists no monomial cycles or binomial cycles in 
the homology class of the following multigraded cycle 

Z = £3X46125 — £2^46135 + XiX^i^- 

We adopt the following notation: for a monomial element ue a b c we will write let us 
say a , that is ue a b c if x a u G" /. So we may write 

z = x 3 x 4 ei2 5 - x 2 x 4 e 1 s 5 + Xix 3 e 2 45 

and now we can see easily that z is indeed a cycle. We list all monomial elements 
of -^3(0;; S/I), which are in the multigraded class of z: 

^4^5 e 123) ^3^56124? £3X46125, £2^56134, £20:46135, £2^36145, XxX^e^zli 
3?l£46235! Xl£3 e 245) ^1X26345. 

Clearly no one is monomial cycle. A binomial cycle should have the form 7iWie a b c + 
72M2e ac j, 7i G K*, monomials. Thus we might find such pairs (abc), (acd) among 
above. But there are no such pairs. For example ei 2 3 could make such a pair only 
with 6234, e 2 35 but they are not of the necessary type because each one has two 
numbers in bold. In this way we see that our claim holds. It follows that z cannot 
be written modulo B 3 (x; S/I) as a sum of cycles of smaller length. 

Remark 2.6. In (HI Exercise 5.5.4] we see that for monomial ideals / the Betti 
numbers fa, Pn-2, Pn-i do not depend on the characteristic of K. Since in the 
previous section we see that H 2 (x;S/I) has monomial cycle basis we may ask by 
analogy if H n _ 2 (x;S/I) or H n _i(x;S/I) have monomial cycle basis. Example 12.21 
shows that this is not true. On the other hand note that in K n _ 2 (x; S/I) there are 
cycles which cannot be written modulo B n ^ 2 (x; S/I) as a sum of cycles of length 
— L n /2J ( see Example 12 .5|) as happens in the K n _i(x; S/I) (see Lemma l2~4"j) . 
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We might ask which is the minimal possible positive integer r such that H 3 (x; S/I) 
has a basis given by 3-cycles of length < r. The following example shows that r 
could be even 4. 

Example 2.7. Let / = (x 3 x 4: x 5 Xq, 22X4X5X6, Xix 2 x 4 a; 6 , 21222324, 21X2X3X5, Xix 3 x 5 x 6 ) 
be an ideal in S = K[xi, . . . , Xq] . We claim that there exists no monomial cycles or 
binomial cycles in the homology class of the following multigraded cycle 

z = x 3 x A x b e m - x 2 x 4 x 5 ei3Q + XiX 3 x 5 e 2i6 - x x x 2 x±e 3 i§ 

We list all monomial elements of K 3 (x; S/I), which are in the multigraded class of 

z: 

24X5X66123, X3X5Xgei24, X3X4Xgei25, X 3 X/^X^e\ 2 ^ X 2 X^X§e\ 3 ^ X 2 X4Xq€i 35 , X 2 X4X^,ei 36 , 

x 2 x 3 XQe\ii, x 2 x 3 x§eiiQ, X2X3X4eigg, x\x^x%e 23iLl xix^x^e^, x\x^x^e 23 ^ 

Xix 3 xee 2 4 5 , xix 3 x§e 2 iQ, xix 3 x±e 2 §§, xix 2 XQe 3 ^„ xiX2X5e 3 4g, x\x 2 x^e 3 ^ x±x 2 x 3 e^ 5 Q. 

Clearly no one is monomial cycle. There are only 6 elements from the above list (with 
just one "bar"), which can be used to construct binomial cycles in the multigraded 
homology class of z. As in Example 12.51 we see that there are no binomial cycles. 
Now a cycle of length 3 should have the form 7iUie a 5 c + 72^26^ +73 M 3 e adf) 1% K*, 
Ui monomials, for some a,b,c,d,t G {1, . . . , n}, we may also have t G {a, b}. We 
claim that this is not possible. For example if a = 1, b = 2, c = 4 then d G {3, 5, 6}. 
If d = 5 note that in fact we have e m d = e i45 which is not possible to be term in 
a cycle of length 3. If d = 6 then t G {2, 3, 5}. If for example t — 5 then we have 
e adt = e i56 which is not possible again. In this way we can show that our claim 
holds. It follows that z cannot be written modulo B 3 (x; S/I) as a sum of cycles of 
smaller length. 

3. Cycles of Koszul homology modules of principal ^-Borel ideals 

Let u = Hq =1 Xq q be a monomial and J = EP^Xi, . . . } x q ) aq for some integers 
\, ttg > 0. Set u< a = Tlq =1 Xq q , J< a = 11° x(xi, . . . , x q ) aq for some integer 1 < a < n 
and u >a = T¥ q l >a x q q , J >a = n^ >a (xi, . . . } x q ) aq . 

Lemma 3.1. Suppose thatux a G J andux a+ i ^ J. Thenu >a G J >a andu< a G" J< a - 

Proof. By hypothesis we have ux a = vw for some monomials v G J< a and w G J >a . 
If there exists 1 < j < a with Xj\w then 

wx a+ i = (x i w/x a )(x a+ iw/x j ) G J< a J >a = J- 

Contradiction! It follows w\u >a = {ux a ) >a and so u >a G J >a . If u< a G J< a then 
u G J and so ux a+ i G J which is false. □ 

Lemma 3.2. Let v,w be some monomials in (x q ) q>a such that v\u. Suppose that 
wu/v G J and ux r a G J for some integer r > 0. Then ux r a+1 G J. 
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Proof. Suppose that ux r a+l G" J. We may suppose that there exists an integer < 
d < r such that for u' = ux^x^zf~ 1 we have u'x a G J and u'x a+ \ J. By Lemma 
13.11 we get u' <a G" J< a . Since wu/v = u< a {wu >a /v) 6 Jc J< a it follows u< a G J< a 
because the variables from wu >a /v are regular on S/J< a . Thus u' <a G J because 
u' <a = x d a u< a . Contradiction! □ 

Lemma 3.3. Let t > a be an integer and v,w be some monomials in {x q ) q > t such 
that v\u. Suppose that wu/v G J and ux r a G J for some integer r > 0. Then 
ux[ G J. 

The proof goes applying Lemma [3.21 bv recurrence. 

Let / = U^U^dxt, x q )W) aqj be a principal p-Borel ideal of 5*, < a q j < p 
being some integers. Let G(I) be the set of minimal monomial generators of /. Note 
that all monomials from G(I) have the same degree. 

Lemma 3.4. Let a, t, q, r be four positive integers such that a<t<r,a<q<r, 
q ^ t and 7 G / a monomial which is a multiple of x q x r . Suppose that x a ^lx r G / 
and x^/xq G /. Then either x^/xj. G /, or x a ^/x q G /. 

Proof. Apply induction on s. If s — then from x-tj/xg G / we get x a ^/x q G /, 
since / is strongly stable in this case. 

Now suppose s > 1 and set J = U q=l ((xx, . . . , x q )^) aq0 , 
T = n^ =i n j s "}((a;i, . . .,x q )^) a ™+K Then / = JT^. We have 7 = (3a p for some 
monomials (3 G J, a G G(T). 

Suppose from now on that x t ^/x r G" /. We will show that x a j/x q G /. Then 
x r does not divide (3 since otherwise x t j/x r = (x t p/x r )a p G /, J being strongly 
stable. Contradiction! If x q \j3 then x a (3/x q G J because J is strongly stable and so 
Xal/xq = {x a (3 / x q )a p G /. Remains to study the case when x q does not divide (3. 
Then x q \a. We have a/x q G" T because a G G{T). From xajx q = x t f3x P r 1 (a/x q ) p G 
/ it follows either 

(i) there exist b, 1 < b < n such that xl\/3, x^ajxq G T and x t x p ^ {3 / x\ G T, or 

(ii) x P ~ 1 \f3 ) x p ~ l f3 1 'x 1 ^ 1 G J and x t a/x q G T. 

Here we use the fact that all minimal monomial generators of G(T) have the same 
degree and since a G G(T) we get va/x q G T for v being just one variable. If (i) 
holds then x a ^/x q = (x a x^ _1 [3 / 'xl)(xba / 'x q ) p G I since J is strongly stable. 

/,From now on suppose that (ii) holds. As x a ^/x r = x a x p ~ l f3(a / 'x T ) p G / we get 
as above the following two cases: 

(i') x^lfi, x^fi/x^- 1 G J and x a a/x r G T, or 

(ii') there exist c, 1 < c < n such that x p \(3, x c a/x r G T and x a x p ~ x f3 / 'x p G T. 
Case (i') holds 

It follows a^W^r e J since J is strongly stable. Note that a satisfies over 
T the condition of 7 over /. By induction hypothesis we get either xtctjx r G T or 
x a a/x q G T. If x t a/x r G T then we get Xtj/xr = {x p ~ l (3 / x P ~ l ){x t a / x r ) p G / which 
is false. Thus we must have x a a/x q G T. Then x a ^ /x q = (x p_1 (3 /x p ~ r )(x a a/ x q ) p G / 

since x p ~ x [3 / 'a^ -1 G J, J being strongly stable. 
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Case (ii') holds 

Suppose first c > t. From (ii),(ii') we obtain x a x p ~ x P ' jx p c G J and x p ~ x (3 / G 
J. Using Lemma 13.31 for u = x p ~ x Pjx p c , v = (x r Xt) p ~ 1 , w = (x c x q ) p ~ l we get 
ux t = x t x p ~ l (3 / x p c G J. Then Xt^/xr = {xtX^T 1 (3 / x p c ){x c a / x r ) p G /. Contradiction! 

Now suppose c < t. By (ii),(ii') we get x c a/x r G T, x t a/x q G T. Apply the induc- 
tion hypothesis for the integers c, t, q, r and the ideal T. It follows either x c a/x q G T, 
or x t a/x r G T. In the first case we get x a ^jx q = (x a x p ~ 1 P/x p )(x c a/x q ) p G / because 
x a x^ _1 (3 1 'x p G J, J being strongly stable. 

In the second case we can obtain x t j/x r = (x p ~ 1 P/x P ~ 1 )(x t a/x r ) p G /, that is a 
contradiction, providing we show that G J. But from x a xj? _1 (3 / 'x p G J 

we get x a x p ~ l P/x c x P _1 G J since J is strongly stable. Moreover if c < a then we 
get even x p ~ ^P/tfT G J. If c> a then we get the same thing using Lemma 13.31 for 
u = x p ~ 1 (3/(x c x P " 1 ), w = x c x p ~ l , v = x p r l and c instead t. □ 

Proposition 3.5. Let z = Ej =1 7jitje (Tj be a multigraded 3-cycle of Ki(x; S/I), jj G 
K* , Uj monomials, o~j C {1, . . .n}, \o~j\ = i for all 1 < j < s. Suppose that s > 1, 
m(uj) < rn{aj) for all j , <Jx = {a,t,r}, a < t < r, o\ = maxx<j< s Oj and x a U\ G J. 
Then there exists a multigraded 3-cycle y of length < 3 such that in(z) = in(y). 
Moreover if the length of y is 3 then the homology class of y contains a monomial 
cycle. 

Proof. By Lemmas ll.2l and ll.3l we have m(oj) = r and x r Uj G I for all 1 < j ' < s. Set 
7 = x r U\ G /. Then x a ^/x r G / by hypothesis. We may suppose x t ui G" / because 
otherwise y = in(z) is a monomial cycle. Then o~\ has a neighbour aj in z for j > 1 by 
Lemma fT7T| let us say o~j = {a, q, r}. As aj < o~i we get t < q. We have Uj = x t u\jx q 
because z is multigraded. It follows x t j/xq = x r Uj G /. By Lemma l3~^l we get 
Xal/xq G / since xa/x r = x t u x £ I. Therefore d((ui/x q )e atqr ) = y - (x r ui/x q )e atq 
for y = U\t ai — Uje aj + (x a Ui/x q )e tqr . From the above we see that ( r y/x q )e atq is a 
monomial cycle and so y is a cycle. □ 

Remark 3.6. If x a ui I but x t u\ G / then (x r Ui/x q )e atq might be not a monomial 
cycle as happens in the proof of the above proposition. Note that in the Example 
12.21 (x r ui/x q )e atq = X3 _1 X4ei23 is not a monomial cycle because ^(x^ -1 ^) ^ /. 
However in this example z is already a binomial cycle, that is a cycle of length < 3. 

Lemma 3.7. Let a, t, q, r be four positive integers such that a<t<r,a<q<r and 
7 G / a monomial which is a multiple of x q x r . Suppose that xfi /x r G /, x a 7 /x q G / 
and Xt^i/x q G" /. Then the following statements hold: 

(i) If q > t then x a "i/x r G /. 

(ii) If q < t then x t x a ^ / x r x q G /. 

Proof. Apply induction on s. If s — then from Xt^ijx r G / we get x a ^ijx r G / and 
also XtXaj /x r x q G / since / is strongly stable in this case. 

Now suppose s > 1 and set J, T and 7 = f3a p for some monomials (3 G J, a G G{T) 
as in the proof of Lemma 13.41 Like there we may suppose that x r does not divide 
P. From £47/07 = XtPx p r x {a.jx 1 ) p G / it follows either 
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(j) there exist 6, 1 < b < n, b ^ t such that x p \f3, Xba/x r G T and Xtx p ~ x (3 / 'x p G 
J, or 

(jj) x P_1 \P, x^P/x^ 1 G J and x t a/x r G T. 
In case (j) we have 

avy/av = ((x a /x t )(x t /3xf~yx£))(x fe a/x r ) p G /, 

J being strongly stable. 
Case (jj) when x q \(3 

If t < q then x t f3/x q G J because J is strongly stable. Thus x t j/x q G J. Contra- 
diction! If t > q then we get 

XfXa'j/XgXr = {{x a / X q ){x P ~ l f3 / X P ~ l )(x t a / X r ) P G I. 

Case (jj) when x q J((3. 

Then Xq|<x As a/x q G" T it follows from x a ^ /x q G / either 
(j') there exist c, 1 < c < n such that x p \/3, x c a/x q G T and x a x p ~ x (3jx p c G J, or 
(jj') x^lA xP- 1 /?/^" 1 e J and x a a/x, G T. 
Subcase (j'), c>t 

Let m = x p ~ x f3jx p c . We have x t ^/x q = (x t u)(x c a/x q ) p G / because by (jj) it 
follows x t u = (x a x P _1 / xty^x^ 1 / x p ~ l )(x p ~ l (3 / x 1 ^ 1 ) G J, J being strongly stable. 
Contradiction! 

Subcase (j'), t > c, t < q. 

Apply induction on s for a,T. Since x t a/x r G T, x c a/x q G T we get either 
x t a/x q G T or x c a/x r G T. If x t a/x q G T then x t ^jx q = {x p ~ x fijx P ~ )(x t a/x q ) p G / 
because x p ~ l f3 / x 9 ' 1 G J, J being strongly stable. Contradiction! Note that we did 
not use the condition t < q in order to get this contradiction from XtOt/x q G T . Now 
suppose that x c a/x r G T. Then we have x a ^/x r = (x a x p_1 /? / 'x p )(x c a / 'x r ) p G / if 
we show that v = x a x p ~ l (3 / x p G J . By (j') we have x a x p ~ x filx p c G J. If a > c then 
we get x lp r l f3/x 1P r l G J, J being strongly stable. If a < c we get the same thing 
applying Lemma EHU to u' = x p ~ x filx p c because x a u' G J and u'(x p /x p ~ l ) — (3 G J. 

Set m = x p_1 /3/xj _1 x p_1 . We have x^w G J and ^(x^xf -1 /x^" 1 ) G J from 
above. By Lemma EO we get x P ~ u G J, that is x p ~ x (3jx p ~ x G J. If c > a it follows 
f G J since J is strongly stable. If c < a apply Lemma EHU for u" = x p ~ 1 (3/x p having 
x c u" G J and m" (xaX^ -1 /^^ 1 ) G J. It follows t> = x a u" G J. 

Subcase (j'), t > c, t > q. 

Apply induction on s for a,T. Since x t a/x r G T, x c a/x q G T we get ei- 
ther x t a/x q G T or x t x c a/(x g x r ) G T. We saw above that x t a/x q G T gives a 
contradiction. Suppose that x 4 x c o;/(xgX r ) G T. Then we have x t x a 'j/(x q x r ) = 
(x a x£ -1 xP -1 /3 / (x P ~ x p ))(x t x c a/(x r x q )) p G / if we show that 

if = x a x p ~ 1 x p ~ 1 (3/(x P ~ 1 x p ) G J. By (j') we have x a x p ~ x (3jx p c G J. As in the previous 
case we get x p ~ x (3lx p ~ x G J if either a > c or a < c < q. If a < q < c the same 
tricks bring only that x q u' G J, that is x p f3/x p G J. 

Suppose a > c or a < c < q. We have x£ _1 u G J and u(x^ 1 xf~ 1 /x^ 1 ) G J 
as above. By Lemma EHU we get now x v ~ x u G J, that is x^~ 1 x^ _1 /5/(xf~ 1 x^ 1 ) G 
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J. Therefore w£j if a<c<q because J is strongly stable. If a > c then 
y = x v ~ x x v ~ 1 (3 1 \x P ~ l x p ) satisfies x c y G J and yx\~ x a jx v ~ x G J. Therefore by 
Lemma l3~31 we get w G J. If a < q < c then z = u/x c satisfies x p c z G J and 
z{x v q x p t " /x^T 1 ) G J. By Lemma l3~3l we get as above x p x p ~ l f3 j \x p t ~ l x p ) = x p z G J 
and so w G J because J is strongly stable. 
Subcase (jj'), t < q. 

As above x t a/x q G" T. Apply induction on s for a, T. Since x t a/x r G T, x c a/x g G 
T we get x a a/x r G T. It follows that 

£a7/^r = (x^P/x'^iXaa/XrY G / 

if x^ -1 /?/^^ 1 G J. Set m = x^ft/x^Xt^ 1 and note that G J by (jj) and 

uix^ 1 x 1 ^ 1 / x^ 1 ) G J by (jj'). By Lemma EHU we get xf _1 M G J which is enough. 
Subcase (jj'), t > q. 

As in the previous case we use induction hypothesis to get x t x a a/(x r x q ) G T. We 
have 

X t X a j/(x r X q ) = (x^X^P/ix^xlT^iXtXaa/iXrX^Y G / 

if we show that v' = x p ~ l x p ~ l j3 / (x P ~ l x p a ~ l ) G J. Apply Lemma f3. 31 for 

u = x p ~ l (3/(x P ~ 1 x^ 1 ) because x^u G J and utyX^x^ 1 / x P ~ l ) G J. We obtain 

x p ~ 1; u G J which is enough. 

Proposition 3.8. Let z = ^j = i'jjUje (Tj be a multigraded 3-cycle of K^x; S/I), jj G 
K* , Uj monomials, o~j C {1, . . .n}, \o~j\ = i for all 1 < j < s. Suppose that s > 1, 
m(uj) < m(o-j) for all j , o~\ = {a,t,r}, a < t < r, U\ — maxi<j< s o~j and x t U\ G /. 
Then there exists a multigraded 3-cycle y of length < 3 such that in{z) = in(y). 
Moreover if the length of y is 3 then the homology class of y contains a monomial 
cycle. 

Proof. We follow the proof of Proposition 13.51 Set 7 = x r u\ G /. Then xtj/xr G / 
by hypothesis and we may suppose x a U\ G" /. Thus U\ has a neighbour Oj in z for 
j > 1 by Lemma IT~T1 let us say = {t,q, r}. We have Uj = x a ui/x q because z is 
multigraded. It follows x a ^/x q = x r Uj G /. Suppose t < q. By Lemma l3~71 we get 
x a j/x r G / since x t j/x q = x a u x G" /. Therefore d((ui/ x q )e atqr ) = y - {x r u x j 'x q )e atq 
for y = U\e ai + UjC aj — {x t u\/ 'x q )e tgr . From the above we see that (•y/x q )e atq is a 
monomial cycle and so y is a cycle. Now suppose q < t. Then the same lemma gives 
that XtUj G /, that is u\e ai — UjC aj is a binomial cycle. □ 

Proposition 3.9. Let z = 'Ej =1 jjUje aj be a multigraded 3-cycle of Ki(x; S/I), jj G 
K* , Uj monomials, o~j C {1, . . .n}, \aj\ = i for all 1 < j < s. Suppose that s > 1, 
m i u j) < m (°j) f or J > °~\ = { a ) t, r}, a < t < r and 0\ = maxi<j< s o~j. Then there 
exists a multigraded 3-cycle y of length < 4 such thatin(z) = in(y). Moreover if the 
length of y is 3 then the homology class of y contains a monomial cycle and if the 
length is 4 then the homology class of y contains a binomial cycle. 

Proof. We follow the proof of Propositions 13.51 and 13.81 Set 7 = x r u\ G /. Using 
the quoted propositions we may suppose x t u\ G" / and x a u\ G" /. Thus o\ has two 
neighbours o~j, in z for j, k > 1 by Lemma ll.ll let us say o\,- = {a,q,r} and 
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Ok = {c,t,r}. We have u k = x a ui/x c , Uj = x t u\/x q because z is multigraded. It 
follows Xa^/xc = x r Uk G I and xa /x q G / by Lemma IT~3l As U\t ai = in[z) we get 
(Xj < cr 1 and so t < q. 
Case c = q. 

Thus we have x a x T u\/x q = x a j/x q G /. We see that y' = [x T u\/ x q )e atq is a 
monomial cycle and so y = y' + d({u\/ x q )e atqr ) is a cycle of length < 3 such that 
in(z) = in(y). 

Case a < t < min{c, q} 

Suppose c < q. By Lemma I3~7I we get either x a ^/x q G / or x t ^/x c El. If c > q 
then by Lemma 13.41 we get the same thing. Above we already studied the case 
when x a x r Ui/x q G /. If x t x T U\jx c = x^/xc G / then similarly y" = (x r Ui/x c )e atc 
is monomial cycle and y = y" + d((ui/x q )e atC r) is a cycle of length < 3 such that 
in(z) = in(y). 

Case a < c < t < q. 

Using Lemma l3~7l as above we get either x t ~i /x c G / (case already studied above) 
or x t x a j/(x q x c ) G /. In the second case it follows that (p = (x r ui/x q )e atq — 
(x a x r ui/ (x q x c ))e ctq is a binomial cycle. Then 

y 1 = ip + d({ui/x q )e atqr ) = u x e ai - Uje aj + [x a u x j x^)e tqr - [x a x r u x j '{x q x c ))e ctq 

is a cycle and the cycle 

V = Vi - d((x a ui/ (xcXg^ectgr = u x e ai - u j e (Tj - u k e ak + (x a x t Ui/ \x c x q ))e cqr 

is of length 4. But as in Example 12.51 we may see that 

y - d((ui/x q )e atqr ) + d{{x a Ui/{x c x q ))e ctqr = -{x r x a ui/{x c x q ))e ctq + {x r Ui/ x q )e atq . 
Theorem 3.10. H^(x;S/I) has a basis of binomial cycles. 
For the proof apply Proposition 13.91 

4. Monomial cycle basis on Koszul homology modules of some 

principal p-borel ideals. 

The principal p-Borel ideals I G S such that S/I is Cohen-Macaulay have the 
form / = Uj =0 (m^ pJ ^) aj , < ctj < p. For these ideals is well known the description 
of a canonical monomial cycle basis of Hi(x; S/I). Fix 2 < i < n. Let < t < s be 
an integer and for v G G{m at ) denote v' = v/x m ( v y Let B it (I) be the following set 
of elements from Ki(x; S/I) 

{wv' pt x p *~ x e a : w G G(Il j>t (m[p j ]) a: >),v G G(m at ),a C n, \a\ = i,m(a) = m(v)} 
and B^I) = U s t=0 B lt (I). 

Theorem 4.1 (Aramova-Herzog The elements of Bi(I) are cycles in Ki(x; S/I) 
and their homology classes form a basis in Hi(x; S/I) for i > 2. 

Remark 4.2. This result holds independently of the characteristic of K as we had 
pointed the definition of p-Borel ideals is pure combinatorial. But note that Theorem 
!4.1l does not hold if ctj > p for some j. Indeed, the ideal / = (xi, a^) 4 C S — K[xi, xj\ 
is strongly stable and a monomial basis of H 2 (x;S/I) is given by T = {x\ei A 
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e%, x\x2^\ A 62, X\x\6\ A 62, x%6\ A 62} by |T] (see also [H]). Since I — [x\, x 2 ) 2 (xl , x 2 ,) 
one can compute B (I) = T and Bi(I) = {xix 2 ei A e 2 } but Xix 2 ei A e 2 is not cycle 
in K 2 (x; S/I). So the condition acj < p is necessary and this is an obstruction for 
an extension of Theorem 14.11 

The question appeared in Remark 14.21 perhaps can be solved extending somehow 
the Theorem 14. II for the case when otj are arbitrary. In some special cases a possible 
tool could be the following lemma. 

Lemma 4.3. Let I = n^ =0 (m[ pJ ]) Qj ; where aj > are arbitrary integers. If n = 2 
then there exist some integers < jo < ji < ■ ■ ■ < jk and some positive integers 
(jt)o<t<k such that 7* < p»+i-it for t < k and I = n t fc =0 (m [pJt] ) 7t . 

For the proof apply by recurrence the relation m p 'm' pt l = [wf) 2 . 
Set I = Il^ =0 (mt p: "l) 7 ' as above but for any n and let C#(I) be the following set 
of elements from Ki(x; S/I) 

{wv^ t xf- 1 6 !J : w e G{U r>t {m [p3r] y r ),v G G{m^),a C n, \a\ = i,m(a) = m{v)} 
and Cj(J) = Uf =0 Cu(I) . A variant of Theorem 14. II is the following theorem: 

Theorem 4.4. The elements of Ci(I) are cycles in Ki(x;S/I) and their homology 
classes form a basis in Hi(x; S/I) for i > 2. 

Since Lemma 14.31 works only in the case n = 2 this gives almost nothing more 
than 14 .ll Unfortunately the ideals of type T = rnP'tn^ could be bad for example 
when p = 3 and n = 3 then T = m 6 \ {a^x^!}. 

Let M be a graded S'-module and ftij(M) = dim^ Tor^(i^, M)j the ij-th graded 
Betti number of M. 

Corollary 4.5. j3ij(S/I) does not depend on the characteristic of the field K for all 
hi- 

For the proof note that Hi(x; S/I) = r Tor i (K, S/I) and so (3ij(S/I) is the sum of 
some \Cit(I)\ which has nothing to do with the characteristic of K. 

Remark 4.6. Note that j3ij(S/I) does not depend on the characteristic of K when / 
is stable by 9J. In [T3| it shows that the extremal graded Betti numbers of S/I (see 
PI) do not depend on the characteristic of K when / is a Borel type ideal (see |TTj). 
In particular this happens for p-Borel ideals and so we might ask if all j3ij(S/I) do 
not depend on the characteristic of K in the case of p-Borel ideals. The Corollary 
14.51 is a small hope. 

^From now on let / be the p-Borel ideal generated by the monomial x] l _ 1 x ( ^ 

for some integer 7,0 > 0, that is I = nj =0 ((mj^) 7j '(m^) a! -'), where m n _i = 
(xi, . . . , x n -i), and jj, acj are defined by the p-adic expansion of 7, respectively a. 
The main result of this section is the following: 

Theorem 4.7. Suppose that ctj + 7^ < p for all < j < s. Then 
(1) Hi(x; S/I) has a monomial cycle basis for all i > 2, and 
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(2) /3ij(S/I) does not depend on the characteristic of K for all 

For the proof we need some preparations. Suppose a > 0. Let r = max{j : ctj > 
0} and set J = n^(mjj5 1 )'W and 

I' = (U^Z 1 (m^p)(m) pr] ) ar ~ 1 - 

Then 

Lemma 4.8. (I : x%) = .11' . 

Proof. Obviously if L, T are some monomial ideals and v is a monomial then (LT : 
v) = (L : v)T + L(T : v). Applying this fact we get 

(/ : x{ ) = JS W ]=Q lf k Um^ : xT) = JS 0^^',^^), 

where the sum is taken over all integers < Cjk < p 1 such that T^^T^^Cjk = p r ■ 
For each j let Aj C {k : 1 < k < aj, Cjk > 0} be any subset. Set u = E^gE/cgA^ (p 7 _ 
Cjk)- We claim that x^Wj =0 (m^} 1 ) aj ^^ A ^ C Clearly if our claim holds then 
(/ : x£) C J I', the other inclusion being trivial. Note that the claim holds because 

u>(^ =0 |A,y)-p r - 

Let a be an integer such that < a < a and a = T> r j =0 ajp> , < aj < p the p-adic 
expansion of a. Set a a = E^.^. (aj — a J j)p j and a a j = ctj — Oj if aj > aj and 
otherwise. Set 

I a = J(n; =0 (m^r-), 

where J is defined above. Let 7r : S — > S = K[x\, . . . , x n -i] be the S'-morphism 
given by x n — > 0. 

Lemma 4.9. 7r(J : x n ) zs t/ie p-Borel ideal generated by the monomial x^_ 1 x"t 1 , 
that is 7r(J : X®) = vr(J a ). 

Proof. It is enough to show the above equality for the case 7 = 0. As in the proof 
of Lemma 14.81 we have 

where the sum is taken over all integers < Cjk < p* such that E^E^c^ = a. 

Note that w(m^_ v Xn Cjk ) is rrv^\ if Cjk < p 1 and 5* otherwise. It follows that 

7r(m[f.l\, Xn ° jk ) C 7f(I a ), the equality holds only when min{aj, aj} = \{k : Cjk = 
for all j, k. Hence ti(I : X®) = 7r(/ a ). □ 

Let T C 5 be an arbitrary ideal and T = vr(T). 

Lemma 4.10. Hi(x; S/T) = Hifal, . . . , x n -\\ S/T) © Hi^i(xi, . . . , x n -\\ S/T) and 
in particular (3 fj(S /T) = (3fAS/T) +Pf^ij(S /T) , where Pfj(S /T) is thei,j-th graded 
Betti number of S /T over S. 
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Proof. By Proposition 1.6.21] we have 

Hi(x; S/f) = Hi(x; S/(f, x n )) = Hi(x h . . . , x n _ x ; S/(TS)) ® 5 (A X S) 

H i {x 1 ,...,x n - 1 -S/f) ® s (A 1 ^), 
the last isomorphism follows because 5 is flat over S. This is enough because 
/?f (S/f) = dim fc Torf (K, S/f) 3 = dim fc Hfa, . . . , x n _ i; S/f ) r 

Because of the above isomorphism we may write 

S/f) = H i (x 1 , . . . ,x n _i; S/f) © fli-ifo, . . . ,ar n _i; S/f) A e n . 

where by abus of notation we write 

. . . ,a; n _i; S/f) A e n 

for {cls(z A e n ) : z cycle of K^i^xi, . . . , S/f)}. We have the following multi- 
graded exact sequence 

(*) - S/(T : x n )(-l) - S/T - S/f - 0, 

where first map is given by multiplication with x n . Applying Koszul homology long 
exact sequence to (*) we get the following multigraded exact sequence: 

S/(T : x n )(-l)) - ^(z; S/T) - ^(x; S/f) - iZ^a; S/(T : x n )(-l)), 

where we denote by 5, the last map. Next lemma describes how acts o~j. 

Lemma 4.11. 8{ maps Hi(xi, . . . , S/f) in zero and if z is a cycle of 
Ki-i( x i, • • • > %n-\\ S/f) then Si maps cls(z A e n ) in 

(-iy- l cls(z) G Hi~i(xi, x n _ i; S/(T : x n )(-l))- 
Proof. We have the following commutative diagram 

-> ^(a;;S/(T:x n )(-l)) -> KfaS/T) -> K^x'S/f) -> 

-> Kj_x(x; S/ (T : x n )(— 1)) -> K^x-S/T) -> K^x-S/f) -> 

Let w be a cycle of K{(x; S/T). By construction of 5j we must lift to to an element 
f G S/T). Then 9(f) = x n |/ for a cycle y G iQ_i(:r; S/(T : x„)(— 1)) and we 

may write Si(cls(w)) = cls(y). Here we may take t> = u> G S/T) which is a 

cycle. Then we have ?/ = and so = 0. Now we take u> = z A e n . As in 

the first case we may take v = z A e n but this time this is not cycle in Ki(x; S/T). 
We have d(z A e n ) = d(z) A e n + (— \) % ~ l x n z = (— \) % ~ l x n z since <9(z) = 0. Then 
5i(cls(z A e n )) = (-1) < - 1 cZs(2). 

Let /j be the composite map Ki(x; S/T) — > S/f) — > Hi(xi, . . . ,x n -\; S/T) 

where the second map (72 is the second projection of the direct sum given by Lemma 
14.101 Then fi has a canonical section pf given by cls(z) — > ds(z) G S/T), 2; be- 
ing a cycle of K^xt, x n _ x ; S/f ). Let r^f : Hifa, . . . ,x n -i, S/T) -> Hi(x\S/ix(T : 
x„) be the canonical map associated to the surjection S/T — > S/tt(T : x n ). 

Corollary 4.12. The following statements hold: 
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(1) s l+1 = (-i)Vp-Yfc, 

(2) Ker5 i+1 ^Hi(x h .. . ,x n _i; S/T) © Kerff , 

(3) Im5 m ^Im^. 

Lemma 4.13. Let ue a , u G S monomial with m(u) < n. Suppose that ue a is a 
monomial cycle of Ki(x\, . . . ,x n -i\ S/T) and induces an element ofKerrjf, that is 
ue a = d(z) in Ki(x\, . . . , x n -i] S/rr(T : x n )) for an element 

z G K i+ i(xi, . . . , x n __i; S/n(T : x n )). Then ue a A e n + (— l) l x n z is a cycle in 
K i+ i(x; S/T). If ue a is zero in Ki(xi, . . . , x n _i; S/ir(T : x n )) then ue a A e n is a 
cycle also in K i+1 (x; S/T). 

Proof. We have d(ue a Ae n + (—l) l x n z) = d(ue a ) A e n + (— \) % ~ l x n z + {—l) l x n d{z) = 
d{ue a ) A e n = because ue a is a monomial cycle in Ki(x%, . . . , x n -i, S/T). The 
second statement holds because then z — 0. □ 

Now we may return to give the proof of Theorem 14.71 

Proof. Apply induction on c = H S j =Q ajjP . If c = then we are in the case of Theorem 
14. II and Corollary 14.51 Suppose c > and set r = max{j : ay ^ 0}. By Lemma l4~Sl 
I' — (I : x 1 //) is the p-Borel ideal generated by the monomial x i n _ x x'/^' pl and from 
induction hypothesis Hi(x;S/I') has monomial cyclic basis and fif^S/I') does not 
depend on the characteristic of K for all 

Let < a < p r be an integer. By decreasing induction we show that Hi(x; S/ (I : 
x%) has monomial cycle basis and /3fj(S/(I : x*)) does not depend on the charac- 
teristic of K for all Above we saw the case a = p r . Suppose a < p r . The 
exact multigraded sequence (**) given before Lemma [4.111 with Corollary 14.121 give 
for T — (I : x^) the following exact multigraded sequence 

-> Im«J i+ i = Im^ /:<) -> Hi(x; S/(I : -> H^x; S/(I : <)) -> Ker<5; S 

Hfa, . . . ,x n _ i; 5/tt(J : <)) © Kert£* a) - 0, 

where 77,- ) : Hi (xx, . . . , x n -i; S/tt{I : <)) -> Hi{xi_, . . . ,x n -i;S /-k{I : is 
given in Corollary 14.121 By Lemma f4.9l we see that tt(I : x*) = 7r(J ) is the p-Borel 
ideal generated by a power of £„_i and it is subject to Theorem 14.11 and Corollary 
14. 51 because jj + a a j < jj + aj < p for all j. In particular, Bi(n(I : a;*)) = £>j(7r(/ a )) 
is in Hi(xi, . . . , x n -i; S/n(I : x%)) a monomial cycle basis. 

Using the induction hypothesis on a we see that H^{x\ S/(I : x^ +1 )) has a mono- 
mial cyclic basis and (3fAS/{I : x^ +1 )) does not depend on the characteristic of K 
for all Then the conclusion follows from the above multigraded exact sequence 
and Lemma 14.131 if we show the following statements: 

(1) A monomial cycle basis of Hi(xi, . . . , x n -i; S/n(I : x%)) can be lifted to a 
monomial cycle subset of Hi(x; S/(I : 

(2) Kerr)i Lx "^ has a monomial cycle basis which can be lifted to a monomial 
cycle subset of H^x; S/ (I : x%))- 

(3) diniK Ker r]\ LXr ^ does not depend on the characteristic of K. 
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Actually (1) was already seen in the proof of Lemma 14.111 For (2) and (3) we 
study how act T]J on Bi(iT(I a )). We have the following cases: 
Case do < p — 1. 

Then a + 1 = (Ej >0 ajP J ) + (a + 1) is the p-adic expansion of a + 1, that is 
(a + l)j = cij for all j > and (a + 1) = a + 1. We have a a+ ij = a a j for j > 0. 

If «o < cJo then a = a a +i,o = and i]^ 1 ^ acts identical because vr(/ a ) = 7r(/ a+ i). 
Thus Ker r]J^ Ia ' = 0. If a > a then a a+1 ^ = a a ,o — 1- Thus %^ acts identical on 
U t >iB it (7r(I a )) and send B io {-K{I a )) in zero since if w G (^(m"^) then v' G G^m"! ^ 1 ). 

So the monomial cyclic basis of Ker rj* is given by B io (ir(I a )). 
Case ctj = p — 1 for < j < t, a t < p — 1. 

Then a + 1 = (a t + l)p* + T,j >t ajp> is the p-adic expansion of a + 1, that is 
(a + 1) j = for j < t, (a + l)j = a t + 1 for j = t and (a + 1) .,• = cij for j > t. We have 
a a +i,j = OL a j for j > t and so 77^ acts identical on Uj >t Bij(iT(I a )). If a t < a t then 
«at = a a+x,t and acts identical on B it (n(I a )). If a 4 > a t then ct a+ i )t = a at — 1 

and ?? i 7r(7a ' ) send B it (7r(I a )) to zero. Suppose j < t. Then a aj - = a a+ ij and ?7 4 7r(7a ' > acts 
identical on Bij(-K(I a )). Otherwise we have a a j > <y a +ij and r]J send Bij(it(I a )) 
to zero. 

Consequently, given j > in both cases ?7j 7r(7a ' ) either acts identical on Bij(iT(I a )) 

or send it to zero. It follows that Ker rfl has a monomial cyclic basis which can 
be lifted to Hi(x; S/(I : x")) by Lemma 14.131 It consists of some Bij(n(I a )) whose 
cardinal does not depend on the characteristic of K. This ends our decreasing 
induction. Thus the ideal (I : x^) satisfy the conditions (1), (2) from the Theorem 
14. 71 for all < a < p r . In particular this holds for a = 0. 

Remark 4.14. Note that the above proof shows also that some non-principal p- 
Borel ideals of the form (I : x®) have monomial cyclic bases. 

We end this section with an example illustrating the proof of Theorem 14.71 

Example 4.15. Let n = 3, p = 2, 5* = K[xi, X2, Xs), m = (xi, X2, £3), I = mfflm. 
Using Theorem 14.11 a cyclic basis of H 2 (x;S/I) is given by B 2 x{I) = {x\X2t\ A 
e 2 , xix 3 ei A e 3 , x 2 x 3 e 2 A e 3 } and B 20 (I) = {x\e x A e 2 , xfe l A e 3 , x 2 e 2 A e 3 : 1 < i < 3}. 
We will show this independently using the procedure from the proof of Theorem 
14.71 Let 7r : S —* 5 = If [a^, #2] be the S'-morphism given by x 3 — > 0. Then 
I = 7r(7) = m 2 2 'm 2 , where m 2 = (xi,x 2 ) and ir(I : x 3 ) = m 2 2 \ (I : x|) = m. Note 
that monomial cyclic basis of H 2 (xi,X2] S/m 2 2 ^m 2 ), H 2 (xi,x 2 ; S/m 2 2 ^) are given by 
B 2 x{I) = {xiX 2 eiAe 2 } and B 2 o(I) = {x\e\ Ae 2 , x\t\ Ae 2 } respectively {xiX 2 eiAe 2 }. 
The map 77^ maps B 2 q(I) in zero and it is identity on B 2 i(I). The maps r][, r]\ Lx3 \ 
i = l,2 are zero maps. 

We have the following multigraded exact sequence 

lmr] { 2 I:X3) = -> if 2 (x; 5/m) -> iJ 2 (x; 5/(7 : x 3 )) -> 
H 2 (x 1 ,x 2 ; S/m 2 2] ) © ^(a?!,^; S/m 2 2] ) Ae 3 ^0. 
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As the monomial cyclic basis of H 2 (x;S/m), H 2 (x 1 , x 2 ; S/m\ ; ), H 1 (xi,x 2 ; 

are {ei A e 2 , t\ A e 3 , e 2 A 63}, respectively {xix 2 ei A e 2 }, respectively {x\ei,x 2 e 2 } we 

see that a monomial cycle basis in H 2 (x; S/(I : x 3 )) is given by 

T 2 (J : x 3 ) = {x 3 ei A e 2 , x 3 ei A e 3 , x 3 e 2 A e 3 , £i:r 2 ei A e 2 , x^ A e 3 , x 2 e 2 A e 3 }. 
Now consider the multigraded exact sequence 

_> Im^ _> # 2 ( x; 5/(1 : x 3 )) -> # 2 (:r; 5//) -> 
H 2 (x 1 ,x 2 ; S/m$m 2 ) © H 1 (x 1 ,x 2 ; S/m^m-z) A e 3 — > 0. 

As the monomial cyclic basis of Im^, H 2 (xi, x 2 ; S/m 2 ^m 2 ), H\(x\, x 2 ; S/m 2 ^m 2 ) 
are {xix 2 eiAe 2 }, respectively T 2 (m 2 ') = {xix 2 eiAe 2 , x^eiAe 2 , x 2 eiAe 2 }, respectively 
Ti(m 2 2 ') = {rcfei A e3,a; 2 ei A e^,x\e 2 A e3,a; 2 e 2 A 63} we see that a monomial cycle 
basis in H 2 (x; S/I) is given by 

x 3 [T 2 (I : rr 3 ) \ {x x x 2 e x A e 2 }] U T 2 {mf ) U T^m? 1 ) = S 20 (/) U B 21 (I) = B 2 (I). 
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